In this paper, we investigate the almost periodic frequency arrangement (APFA) asynchronous system for super-multi-access radio systems, and APFA configuration procedure on a frequency domain multiplex scheme by using almost periodic function (APF). We report on the relationship between the total number of prime numbers, the number of sub-carrier s, and the normalized frequency standard deviation for a system with up to one million users. By using computer simulations, we show the multi-carrier modulation and asynchronous demodulation based on APFA, in which ICI interference by nonlinear elements is improved compared with the orthogonal frequency-division multiplexing (OFDM).
Introduction
To face an age of the Internet of things (IoT) and machine to machine (M2M) communication, the transition to multi-layered, heterogeneous, and seamless networks will form a foundation for future of the communication systems. Recently, chaotic spreading codes generated by almost periodic functions (APFs) were reported to be advantageous for super-multi-access communication systems [1, 2] . Simulations were performed for applications to satellite communications and it was shown that the almost periodic frequency arrangement (APFA) has different characteristics compared to periodic signals. More recently, we reported on the applicability of the APFA method for radio communication systems [3, 4] .
In this paper, we explain the fundamentals, method of modulation and demodulation, and features of APFA generated by the Weyl function [5] . Since APFA is specified based on the reference frequency allocation, it is also possible for an arrangement to have an orthogonal frequency-division multiplexing (OFDM) frequency allocation or an arbitrary frequency allocation. The normalized frequency standard deviation (σ M ) of the frequency difference between the reference and the APF frequency is used to represent their degree of similarity. Moreover, by using simulations we show that inter-carrier interference (ICI) is significantly reduced by more than 3 dB of suppression as compared to that in the OFDM scheme.
Application of the APF to the frequency band
APFs were first introduced in the study of spread spectrum communications in 2014 [1], where the functions for generating spreading sequence were studied originally in 1924, by H. Bohr as an extension of conventional periodic functions as represented below.
where f(x) is a complex function, x is a real parameter, and τ is a distance from x on f(x) that belongs to ε as a positive number. In the case of ε=0, Eq. (1) corresponds to the condition for periodic functions. The minimum value of the period τ is called the fundamental period. Features of spread spectrum communication based on APF function and the performance of super multiple access communication system using APF codes were presented previously [1, 2] . Therefore, we attempt to generalize the Weyl sequence to show a uniform distribution that is the same as that of the Weyl function shown in this paper.
The Weyl sequence using an irrational number generated from the power root of a prime number is expressed by the following equation.
where k is a natural number of root, p is an arbitrary prime number, and l is a natural number. The amplitude distribution of x l (k,p) is uniformly distributed over [0,1), where the parenthesis ( ) is an open interval and the bracket [ ] is a closed interval. We have chosen prime numbers as an index to maintain independence amongst the power root sequence of natural numbers. By extending (2), a uniform distribution with a real number r instead of a natural number l can be expressed by the formula.
The number π(N) of prime numbers less than or equal to a natural number N is expressed by the well-known prime number theorem as follows.
where ln(N) is the Napierian logarithm. Here, defined as
, hereafter it is expressed in P N . While Eq. (4) is not a particularly good approximation, however it is sufficient for simulations of performance evaluation of the APFA in terms of the number of prime numbers. The probability of prime gaps Δp between two successive prime numbers is shown In Fig. 1(a) , where the 8 10 5 × = N P . In the figure, the vertical axis represents the probability Pr(Δp) on a logarithmic scale and the data are dispersed with respect to linear regression line. The center line of the data is a straight red line obtained by the linear regression, as follows.
Then, the standard deviation σ p of prime gaps Δ p is 6.58 from Fig.1(a) . The distribution of the Weyl APF sequence generated from the prime number sequence is important in determining the APFA. In this paper, we define APF frequency (APFF) using (3) as below.
The APFF f k (p) is almost discrete, and uniformly distributed over the normalize frequency band (0,1) in (6). Fig. 1(b) shows the probability mass function (PMF) of adjacent APFF intervals corresponding to scatter diagrams of adjacent APFF with k=2. Here, the logarithmic scales are used for both the vertical and horizontal axes and the number of prime numbers is P N , where P N =5x10 6 . Figures 1(c) and 1(d) show that the PMF of adjacent APFF intervals with k=3 and 5, respectively. 
APFA configuration procedure
The APFA suggested here is generated with reference to a target frequency which can be arranged at arbitrary intervals of a normalized frequency range (FR) being greater than 0, and less than 1, and by selecting the sub-carrier frequency f m close to the k-th root of the target number of prime numbers. The closeness of the selected almost periodic frequency to the normalized frequency, can be evaluated by the frequency standard deviation (σ M ) of difference from the target frequency arrangement (TFA). The procedure for determining the M and σ M of APFA is as follows.
Step1. Determine the number of sub-carriers M The communication capacity of the system is determined by the transmission rate and the number of sub-carriers M.
Step 2. Determine the σ M of difference from the TFA.
The closeness of the selected almost periodic frequency to the TFA means that the peak-to-average power ratio (PAPR) is near to the PAPR of OFDM as σ M decreases as mentioned [4] . Therefore, the σ M of APFA are determined from the PAPR design target.
Step 3. The natural numbers N and k for obtaining the k-th root are determined from M, the P N and the σ M selected at step1 and step2. The Fig. 2(a) shows an example of the TFA of OFDM. Here, M is the number of sub-carriers, f m is the m-th sub-carrier and Δf is 1/M. The m-th sub-carrier frequency of the TFA of OFDM is given by the following expression.
Using the target frequency f m , the deviation of each APFA frequency Δf k (m,P N ) is shown in (8). APFF k (m,P N ) is defined by where p has been taken from all the prime numbers less or equal to P N . Therefore, the APFA frequency standard deviation σ M (k,P N ) can be calculated by the following equation.
Figures 2(b) and 2(c) show the relation between P N , number of channels M and the standard deviation σ M (k,P N ) obtained by using the APFA scheme. From these data, we obtained a common approximation of APFA frequency standard deviation σ M (k,P N ) that holds regardless of k from data according to the following expression as shown in (10).
From Fig. 2(b), Fig. 2(c) or (10), the P N can be determined from the desired σ M (k) and M. Here, up to one million sub-carriers M can be applied as shown in Fig.  2(b) and Fig. 2(c) . Multi-carrier communication systems arranged at frequencies represented by the OFDM method are known to have an inter-carrier interference (ICI) caused by the deterioration of sub-carrier orthogonality that can result from hardware imperfection. We evaluated the ICI of the OFDM and APFA system using computer simulations. Fig. 3(a) shows the constellations of the transmission signal of a sub-carrier frequency configuration. Here, σ T is the standard deviation of transmission signal TX(t) in (11). Here, Code d is a modulation code and θ d is a phase shift for user d due to asynchronism of the APFAs.
For the demodulation, we use the same APFF as the transmission system and detect the code of the modulation from the complex cross correlation ρ with the receiving signal R x (t) and reference signal S m (t).
Here, means ceiling function, * means complex conjugate. In multi-carrier communication schemes such as OFDM, a very large peak of signals is inevitably generated by the combination of codes to be transmitted. The sub-carrier is degraded by ICI due to saturation of the transmitting amplifiers. The transmission signal TX'(t) at output of the transmitter is then given by (13), where ｓis ratio of the saturation level and σ T of transmission signal TX(t). Vol.1, 1-6 The ICI-ratio of the intermodulation products of the OFDM and APFA method is expressed as shown in (14). Here, i Om and j Om are the n-th real part and imaginary part of sub-carrier vector by saturation amplifier in the OFDM, i Am and j Am are in the APFA by saturation amplifier, and I Om, J Om , I Am , or J Am are the m-th real or imaginary part without saturation amplifier respectively.
We evaluated the ICI-ratio (in dB) of the OFDM and APFA systems using computer simulations. Fig. 3(b) shows ICI-ratio of the OFDM to the APFA due to saturation of levels s = 1.1, 1.3, and 1.5 for the cases of 64 to 131,072 sub-carriers.
The ICI of APFA system shows more than 3 dB improvement, which is much better than that of the OFDM system with 64 to 131,072 sub-carriers. This shows that APFA asynchronous systems are generally more robust than synchronous OFDM systems coming from asynchronous characteristic.
Conclusion
We investigate the APFA asynchronous system for super-multi-access radio communication. We applied an APFA configuration procedure to a frequency domain multiplex scheme by using APFs. We determined the relationship between π(N), number of sub-carriers M, and the normalized frequency standard deviation σ M (k, π(N)) for a system of up to one million users. By using computer simulations we showed that ICI of APFA method is fairly reduced with more than 3 dB suppression as compared to that in the standard OFDM method. 
